Abstract. Let ℓ ≥ 5 be a prime and let N be a non-squarefree integer not divisible by ℓ. For a rational Eisenstein prime m of the Hecke ring T(N ) of level N acting on J 0 (N ), we precisely compute the dimension of the kernel J 0 (N )[m] under a mild assumption. In the case of level qr 2 which violates our mild assumption, we propose a conjecture based on Sage computations. Assuming this conjecture, we complete our computation in all the remaining cases.
Introduction
Let N be a positive integer. Consider the modular curve X 0 (N ) over Q and its Jacobian variety J 0 (N ) := Pic 0 (X 0 (N )) over Q. Let T n denote the n-th Hecke operator in the endomorphism ring We say that m is Eisenstein (resp. non-Eisenstein) if ρ m is reducible (resp. irreducible), and that m is a rational Eisenstein prime if ρ m ≃ 1 ⊕ χ ℓ , where 1 is the trivial character and χ ℓ is the mod ℓ cyclotomic character. Note that a rational Eisenstein prime contains I 0 (N ), where I 0 (N ) := (T p − p − 1 : for all primes p not dividing N )
is an Eisenstein ideal of T(N ) (cf. [45, §3] ). Conversely, if a maximal ideal contains ℓ and I 0 (N ), then it is a rational Eisenstein prime by a standard argument using the Brauer-Nesbitt theorem and Chebotarev density theorem. We also note that m is an Eisenstein prime ⇐⇒ m is a rational Eisenstein prime when N is squarefree [43, Prop. 2.1], but there do exist Eisenstein primes which are not rational Eisenstein primes if N is not squarefree (Remark 1.9). [21] . His work is generalized to squarefree N by Ribet and the author when ℓ does not divide 6N under a mild assumption [30, 42] . In contrast to the previous discussion, the dimension of J 0 (N )[m] is often greater than 2. For instance, let p ≡ q ≡ 1 (mod ℓ) be two distinct primes. Then, m = (ℓ, T p − 1, T q − 1, I 0 (pq)) is an Eisenstein prime and dim J 0 (pq)[m] = 5.
In 2016, Lecouturier asked the author the following "multiplicity one" question: In this paper, we answer this question more generally, we are interested in the kernel of a rational Eisenstein prime when N is not squarefree, i.e., there is a prime p such that p 2 divides N .
To introduce our result, we need some notation: Fix a prime ℓ ≥ 5 and let N be a non-squarefree integer prime to ℓ. Suppose that m is a rational Eisenstein prime which is new (see Section 2 for the definition). Then by [45 1 If N is a prime, it is true by Mazur [21] unless ℓ = 2 and m is ordinary, i.e., T ℓ ∈ m. In general, if ℓ does not divide 2N , it follows from [28, Th. 5.2] . For more general results, see [41, Th. 2 .1] and the references therein. 2 In the context of Jacobians of Shimura curves, see [29] .
• m = m ℓ (s, t, u), where we define (1) m ℓ (s, t, u) := (ℓ, T pi − 1, T qj + 1, T r k , I 0 (N ) : for all i, j and k).
Assumption 1.2. When we write m := m ℓ (s, t, u), we always assume that
• p i ≡ 1 (mod ℓ) for 1 ≤ i ≤ s 0 , p i ≡ 1 (mod ℓ) for s 0 + 1 ≤ i ≤ s,
• q j ≡ −1 (mod ℓ) for all 1 ≤ j ≤ t,
Before proceeding, we note that by Lemma 2.2 m := m ℓ (s, t, u) is maximal ⇐⇒ s + u ≥ 1 and s 0 + t + u 1 ≥ 1.
We also note that our convention is not limited at all. 
The theorem above gives an affirmative answer to Question 1.1 because it is the situation with
The sketch of the proof of this theorem is as follows: We first generalize a result of Mazur (Proposition 3.1). Then, by the results of Ling-Oesterlé and Vatsal on the Shimura subgroup, we can show that J 0 (N )[m] is a prosaic nugget in the sense of Brumer-Kramer (Remark 3.13). So we can obtain an upper bound on its dimension (Theorem 3.20) . This bound turns out to be optimal if we find enough submodules which are ramified precisely at the primes in the set S m associated to m (Theorem 3.22). Under our assumption that s 0 = s or u 0 = u or t = 0, we can find such submodules by a level raising method (Proposition 4.1).
We believe that the assumptions in the theorem above (except that N is non-squarefree) are superfluous and the statement should be true for all the remaining cases. In the case of level qr 2 which violates the assumptions Sage computations [35] "support" our belief, so we propose the following: Conjecture 1.4. Let ℓ ≥ 5 be a prime and let N = qr 2 with r ≡ −q ≡ 1 (mod ℓ). Let
be a rational Eisenstein prime of T(qr 2 ). Then, we have
This conjecture is true under a certain assumption as follows: Theorem 1.5. Let ℓ ≥ 5 be a prime and let N = qr 2 with r ≡ −q ≡ 1 (mod ℓ). Let
is either 2 or 3. Calegari and Ribet [30] conjecture that
where F q is a certain extension field of Q(µ ℓ ) of degree ℓ, which is unramified outside the primes dividing q (see Notation 3.17) . Therefore, for a fixed prime q with q ≡ −1 (mod ℓ) we expect that
where S ℓ is the set of primes which are congruent to 1 modulo ℓ. This discussion "conjecturally" explains that our assumption in Theorem 1.5 is often fulfilled but is a somewhat strong constraint.
Example 1.6.
Here is "verification" of the conjecture of Calegari and Ribet by Sage [35] .
• is ramified at q as well.) So, it contains "enough" submodules (cf. Remark 3.23) and hence by a level raising method, we can verify the assumption in Theorem 3.22 as above. This paper will proceed as follows. In Section 2, we recall several results on modular curves, their Jacobian varieties, the Hecke operators and so on. In Section 3, we develop some ideas used in previous work of Mazur, Ribet and the author in order to study the basic structure of the kernel of a rational Eisenstein prime. In Section 4, we prove the theorems in the introduction.
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Background
In this section, we review basic theory of modular curves and Hecke operators. For more details, see [45, §2] and references therein.
For a positive integer N > 1, consider the modular curve X 0 (N ) over Q. It is the compactified coarse moduli scheme associated with the stack of the pairs (E, C), where E is an elliptic curve and C is a cyclic subgroup of E of order N . We denote by J 0 (N ) its Jacobian, which is an abelian variety over Q.
Let N = M p n for n ≥ 1 with (M, p) = 1. There are natural degeneracy maps
which, in the level of stacks, consists of "forgetting the level p structure" and "dividing by the level p structure," respectively. More precisely, they send (E,
, respectively, where E is an elliptic curve and C M (resp. C p ) is a cyclic subgroup of E of order M (resp. p n ). They induce the following maps via two functorialities of Jacobians: Now, for a prime number p the p-th Hecke operator T p is defined by the composition:
The n-th Hecke operator T n are defined inductively as follows:
The Hecke ring of level N , denoted by T(N ), is the commutative subring of End(J 0 (N )) generated (over Z) by T n for all integers n ≥ 1.
Then by the relation on the p-old The image of ]. The cusps of X 0 (N ) then are represented by [
The action of Gal(Q(µ t )/Q) permutes all the cusps of level d. (For details, see [24, §1] , [10, §3.8] or [18, §2] .)
The rational cuspidal subgroup of J 0 (N ), denoted by C(N ), is the subgroup of J 0 (N ) generated by the degree 0 divisors which are supported only on the cusps and are stable under the action of Gal(Q/Q). (By Manin and Drinfeld [20, 11] , it is finite.) It is generated by the elements of the form p.
where ω(d) is the number of distinct prime divisors of d. Then, we have the following:
where h is either 1 or 2. For a prime q, the Hecke operator T q acts on C M,N by the multiplication by
If N is squarefree (resp. otherwise), this proposition follows from [42, Prop. 
where n is the numerator of
By our assumption, q j ≡ −1 (mod ℓ) for all j and hence m = (ℓ, I). Therefore, m is maximal if and only if n is divisible by ℓ. Since ℓ ≥ 5, the latter statement is equivalent to saying that s 0 + t + u 1 ≥ 1, which implies the claim.
Remark 2.3. It is also true that for
Let m be a rational Eisenstein prime of T(N ). The structure of J 0 (N )[m] is carefully studied by Mazur when N is a prime [21] ; by Ribet and the author when N is squarefree and ℓ does not divide 6N [30, 42] . Most of the ideas can be generalized to arbitrary composite level without difficulties if we assume that ℓ does not divide 2N . For the convenience of readers, we try to provide enough details.
From now on, we fix a prime ℓ ≥ 3 and assume that N is a positive integer prime to ℓ. For ease of notation, we set T := T(N ) and J := J 0 (N ). Let m denote a rational Eisenstein prime of T containing ℓ. (Note that since all Hecke operators are congruent to an integer modulo m (cf. [ 
Let J Z denote the Néron model of J over S. The description of the special fiber can be given by the theory of Raynaud [25] using the Deligne-Rapoport [8] (resp. Katz-Mazur [16] 
The following is an easy consequence of the proposition:
Corollary 3.2. Let p be a prime different from ℓ and let
Ip is isomorphic to µ ⊕a ℓ for some 0 ≤ a ≤ 1, which is unramified at p. Therefore (σ p − 1) also annihilates Q which implies the claim.
The proof of Proposition 3.1 will directly follow from the discussion below. Proof. We apply the arguments in [21, Ch. II, § §6, 7] .
For an ideal a of T, let J[a] := {x ∈ J(Q) : T x = 0 for all T ∈ a}. Let
Then, T m is a direct factor of the semi-local ring
be the m-adic Tate module of J, which is isomorphic to Ta Proof. We apply the argument on pages 114-115 of [21] .
Let 
Note that the characteristic polynomial of
By the Chebotarev density theorem any element in G is the image of some Frob p (for a prime p not dividing ℓN ) and hence any element g ∈ G has the same characteristic polynomial for the representation W ⊕ W ∨ as for (Z/ℓZ ⊕ µ ℓ ) ⊕d . Since both representations are semisimple, they are in fact isomorphic by the Brauer-Nesbitt theorem. Therefore 
⊕a for some a ≥ 1. Now, we will deduce a = 1 from the arguments which parallel those given on [21, pp. 118-119] . Since N and ℓ are relatively prime, we can consider X 0 (N ) as a curve over F ℓ , which we denote by X 0 (N ) F ℓ [15] . 
, where the superscript C means fixed elements under the Cartier operator. This map δ is defined as follows:
One takes δ(x) = df /f . Then, the isomorphism above induces an injection:
which commutes with the action of T/ℓT (cf. [21, Ch. II, Prop. 14.7]). Also, the injective 3.2. The Shimura subgroup. Let X 1 (N ) be the compactified coarse moduli scheme associated with the stack of the pairs (E, P ), where E is an elliptic curve and P is a point of exact order N . The natural homomorphism from X 1 (N ) to X 0 (N ) of modular curves, which sends a point (E, P ) ∈ Y 1 (N ) to (E, P ), induces the morphism J 0 (N ) → J 1 (N ) by Picard functoriality. The kernel of this morphism is called the Shimura subgroup of J 0 (N ), denoted by Σ(N ). In their paper [19] , Ling and Oesterlé gave a complete description of the Shimura subgroup: the structure as an abstract abelian group, the exponent, the order, the action of the Galois group Gal(Q/Q), the action of the Hecke operators T p for all primes p and so on. Roughly speaking, Σ(N ) is a quotient of (Z/N Z) × by a small subgroup of order n, where n is a product of powers of 2 and 3. The In Mazur's paper [21, Th. 2], he showed that Σ(N ) is the maximal µ-type subgroup of J is the Shimura subgroup when N is a prime. This result is generalized by Vatsal [39] to composite level, and the following is a special case of his result:
Note that since we assume that ℓ does not divide 2N , ℓ is odd and J has a good reduction at ℓ. Thus, this is a direct consequence of [39, Th. 1.1]. 
Q = J[m]/J[m]
Ip and it suffices to show that
First of all, we claim that Q is unramified at p and T p acts on Q by 
, so we set F p := Q(E p ), which is unique up to isomorphism. Now, we interpret Proposition 3.16 using characters on a certain Galois group. We use the same notation as in the proof of [4, Prop. 4 
, by a suitable choice of basis (as an F ℓ -vector space), we can obtain a Galois representation of the form:
Then by the restriction of c E to Gal(Q(E)/F ) we get a character
(cf. [4, Rmk 3.5.4]). The composition of the canonical projection G 0 ։ Gal(Q(E)/F ) and ι E gives rise to the desired homomorphism Φ(E). 6 Note that a b
By consideration of ramification, the set {Φ(E p ) : p ∈ S(N )} forms a basis of Hom
In other words, for any
and a p = 0 for all p ∈ S(N ) if and only if E ≃ Z/ℓZ ⊕ µ ℓ . By the same discussion as above, we get the following:
Moreover, we have
Remark 3.19. Since L/F is an elementary abelian ℓ-extension, by Kummer theory
be decomposed as follows:
The dimension of J[m].
As before, we assume that ℓ ≥ 5. Let
Note that by Lemma 2. We denote them by
be the embedding into the i-th component and let E i denote "the pullback by ι i ," which is the extension defined by the following diagram:
Then, E i 's are extensions of µ ℓ by Z/ℓZ over S ′′ . Now, we use the same convention as Section 3.4. Let L 0 be the maximal elementary abelian ℓ-extension of F such that L/F is unramified outside N 0 and split over λ F . Let
Therefore there exists (a 1 , . . . , a k 
is injective and "the pullback by ι" gives rise to an embedding 
This is a contradiction because
. By a suitable choice of basis, we can obtain a Galois representation of the form 
Theorem 3.22. For each p ∈ S m , suppose that there is an injection defined over
Proof. By Theorem 3.20, it suffices to show that dim
Now suppose that S m = {p, q} and we show that dim F ℓ Q[m] ≥ 3. To do this, it suffices to show that i p (E p ) = i q (E q ), which is indeed true because the Galois modules associated to E p (resp. E q ) is ramified precisely at p (resp. q), and both i p and i q are defined over Q. Applying the same argument inductively, we get dim 
we have
is a non-trivial extension, (a 1 , . . . , a k ) = (0, . . . , 0). As above, the pullback by
. Since this embedding is compatible with Galois action, it is defined over Q.
Proofs
In this section, we prove Theorems 1.3, 1.5 and 1.7. Before doing that we introduce a "level raising method" which is very useful to check the assumption in Theorem 3.22. 
Since m is new, if
either. Note that m(M ) may not be maximal. In the four cases below, we will define the morphism γ defined over Q
, which we also denote by γ.
Furthermore, it gives rise to a commutative diagram:
Then, we will show that the kernel of π •γ is Σ[n], so the dotted arrow in the commutative diagram is injective. Since all the maps in the diagram except ι are defined over Q, so is ι. Therefore the result follows. Now, let α * p , β * p : J → J ′ denote two degeneracy maps in Section 2, which are defined over Q.
• Case 1: (p, M ) = 1 and by Proposition 3.9 since N is not squarefree. Therefore, when s 0 = s, or u 0 = u, or t = 0, it suffices to check that the assumption in Theorem 3.22 is fulfilled. In other words, it is enough to show that for each prime q ∈ S m , there is an E q such that E q ∼ E q and E q ֒→ Q[m], which is defined over Q.
. Then, we claim that we can take
, defined over Q. So, it suffices to show that Q[n] ∼ E q , which is obtained by the following:
• Note that S n = {q}. Therefore, dim F ℓ Q[n] = 2 by Lemma 3.3 and Theorem 3.20.
• By Corollary 3.12,
, which is non-trivial. Now, suppose that q ∈ S m {r 1 , . . . , r u1 }, i.e., q = p i for some 1 ≤ i ≤ s 0 or q = q j for some 1 ≤ j ≤ t. Let p := p s if s 0 = s, and let p := r u if s 0 = s but u 0 = u. Then by assumption p ≡ 1 (mod ℓ). Let n = m(pq), which is maximal by Lemma 2.2. Then, we claim that we can take E q = Q[n]. By Corollary 4.2, it suffices to show that Q[n] ∼ E q . This follows from:
• By Proposition 3.9, Σ(pq) [ 
• By Corollary 3.12, Q[n] is a non-trivial extension of µ ℓ by Z/ℓZ.
• By Corollary 3.15, Q[n] is unramified at p and hence
Case 2 : t = 0
If either s 0 = s or u 0 = u, then the claim follows from the cases above. Thus, we assume that s 0 = s and u 0 = u, i.e, all prime divisors p of N are congruent to 1 modulo ℓ. Let q ∈ S m .
If q = r k for some 1 ≤ k ≤ u, then we can take E q = Q[m(q 2 )] as in Case 1 above. Now let q = p i for some 1 ≤ i ≤ s. To find an appropriate E q , we apply some ideas used in the paper [30] . For ease of notation, we set a := m(q) and T := T(q). Moreover, we set J := J 0 (q) and Σ := Σ(q). In the below, we prove our claim as following steps: (Here, we denote the p-th Hecke operator of level pq by U p to distinguish it from the p-th Hecke operator of level q, which we already denoted by T p .)
For Step 1 we apply Mazur's argument used in Lemma 3.3. Since A is isogenous to J, Ta a (A)⊗ Z Q is also of dimension 2 over T a ⊗ Z Q, which implies that dim
For Step 2, we recall some results of Mazur in [21] . Let
be the Eisenstein ideal of prime level q, where η r := T r − r − 1. Then, IT a ⊂ T a is principal and η r is a generator for IT a if and only if r is a good prime (relative to the pair (ℓ, q)) (Theorem 18.10 of Chapter II in loc. cit.). Here, a prime r is good if both r ≡ 1 (mod ℓ) and r is not an ℓ-th power modulo q (page 124 of loc. cit.). We say a prime is bad if it is not good. Choose a good prime M , so let IT a = (η M ). Let p be a bad prime. Then, η p is not a generator for IT a so, η p = λη M for some λ ∈ aT a . 7 Let A a denote the a-divisible group associated to A as in Section 3.1. Namely, In both cases above, we have proved that there is an injection E q ֒→ Q[m] defined over Q for any q ∈ S m , so the result follows from Theorem 3.22. Then, for q = p i or q = r k , we can find an E q as in Case 1 of the proof of Theorem 1.3 above. So, it suffices to show that E q ֒→ Q[m] for q = q j .
Last, let q = q j and r = r 1 
